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1. Introduction
A widely treated problem in literature is the Γ -convergence of sequences of functionals of the type
F j(u) =
∫
Ω
f j
(
x,∇u(x))dx,
deﬁned in some Sobolev space W 1,p(Ω), where Ω is an open bounded subset of Rd , and the densities f j : Rd × Rd → R
are Carathéodory functions satisfying a p-order growth condition. It is well known that there exists a Carathéodory function
ψ : Rd ×Rd →R such that the sequence {F j} is Γ -convergent to the functional F deﬁned by
F (u) =
∫
Ω
ψ
(
x,∇u(x))dx
(see [5]). Such density ψ depends clearly on how the function f j depends itself on the parameter j. So, an interesting
issue here is the explicit characterization of the limit energy density. In the periodic case, when f j(x,ρ) = f (〈 jx〉,ρ) and
f : (0,1)d × Rd → R (〈y〉 is the fractional part of y in Rd), the explicit representation of the density of the Γ -limit is by
now well known (see [3]). In the general non-periodic case, when f j(x,ρ) = f (a j(x),ρ), with f : Rm × Rd → R and given
the sequence of functions a j : Ω → Rm , the characterization of ψ was achieved by means of Young measures in [9]. Such
characterization holds true whenever the sequence {a j} satisﬁes an additional condition called Average Gradient Property
(AGP). This is a structural assumption on {a j} which basically requires that averages of gradients over “level sets” of a j are
gradients themselves. Under the AGP condition the density ψ is explicitly represented as the inﬁmum value of an integral
functional deﬁned by the Young measure associated with the sequence {a j} (see also [11]).
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I j(U ) =
∫
Ω
W j
(
x,U (x)
)
dx,
deﬁned in a space of solenoidal vector ﬁelds Lpdiv(Ω;Rd) (i.e. the set of functions U ∈ Lp(Ω;Rd) such that divU = 0 in Ω),
where W j : Rd × Rd → R are Carathéodory functions with growth of order p. The integral functional representation of
the Γ -limit of sequences of functionals deﬁned on the space of divergence-free ﬁelds was proved in [2,4], following the
direct methods of Γ -convergence. Thus there exists a Carathéodory function φ : Ω ×Rd → R such that the sequence {I j} is
Γ -convergent, with respect to the weak Lp topology, to the functional
I(U ) =
∫
Ω
φ
(
x,U (x)
)
dx
deﬁned in Lpdiv(Ω;Rd). Moreover, in the periodic case when W j(x,ρ) = W (〈 jx〉,ρ) and W : (0,1)d × Rd → R, the in-
tegrand φ of the Γ -limit was characterized. And what about the general non-periodic case? Namely, if we assume that
W j(x,ρ) = W (V j(x),ρ) for some sequence of functions V j : Ω → Rm , how may the limit energy density be explicit char-
acterized?
In this paper we are interested in studying the characterization of the density φ of the Γ -limit for sequences of func-
tionals I j of the form
I j(U ) =
∫
Ω
W
(
V j(x),U (x)
)
dx (1)
deﬁned on solenoidal vector ﬁelds. Such study is undertaken through the analysis of the slicing decomposition of the joint
Young measure associated with the sequence of pairs {(V j,U j)} under the constraint div V j = 0 and divU j = 0 in Ω ,
for every j ∈ N. This type of Young measures are called div-Young measures, since they are generated by divergence-free
functions (see [8,10]). These ideas are somehow an extension of the main ideas developed in [9] and [11] for curl-free
ﬁelds to divergence-free ﬁelds. Thus, for any sequence of functions V j : Ω → Rd such that div V j = 0 in Ω , for every j ∈ N,
our aim is to give an explicit characterization of the limit energy density φ for sequences of functionals I j . An interesting
particular case is when {V j} is a sequence of divergence-free and curl-free functions, i.e.{
div V j = 0 in Ω,
curl V j = 0 in Ω.
In this situation, if we assume that Ω is simply connected, we may write V j = ∇v j for some harmonic functions v j ∈
W 1,q(Ω), so that we are looking for the density of the Γ -limit of the sequence of functionals
I j(U ) =
∫
Ω
W
(∇v j(x),U (x))dx
deﬁned in Lpdiv(Ω;Rd) under the constraint v j = 0 in Ω . Our main result in this direction is the following one, which is
proved in Section 3.
Theorem 1.1. Let Ω be an open bounded subset of Rd. Let W : Rd × Rd → R be a continuous function such that there exist
c2  c1 > 0:
c1|ρ|p W (λ,ρ) c2
(|ρ|p + 1), ∀(λ,ρ) ∈ Rd ×Rd, with p > 1.
Let {V j} be a sequence of functions in Lq(Ω;Rd), with q > p, such that div V j = 0 in Ω , ∀ j ∈ N, and ν = {νx}x∈Ω be its associated
Young measure. Then the sequence of functionals
I j(U ) =
∫
Ω
W
(
V j(x),U (x)
)
dx
deﬁned in Lp(Ω;Rd) with divU = 0 in Ω , is Γ -convergent (with respect to the weak topology of Lp(Ω;Rd)) to the functional
I(U ) =
∫
Ω
φ
(
x,U (x)
)
dx
deﬁned in Lp(Ω;Rd) with divU = 0 in Ω , where φ : Ω ×Rd →R is given by
φ(x,ρ) = inf
ϕ∈Ax
{ ∫
d
CW
(
λ,ϕ(λ)
)
dνx(λ): ρ =
∫
d
ϕ(λ)dνx(λ)
}
R R
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Ax =
{
ϕ : Rd → Rd: divϕ(V j(x+ r j·))→ 0 in W−1,q(B), with q > p, whenever there exists
a sequence r j ↘ 0 such that
{
V j(x+ r j·)
}
generates the homogeneous measure νx
}
.
Here CW (λ, ·) stands for the convex hull of W (λ, ·) in Rd, for any λ ∈Rd.
Clearly the explicit representation of φ(x,ρ) depends on the admissible set Ax as well as on the Young measure ν =
{νx}x∈Ω associated with the sequence {V j}, and it holds true whenever {V j} is a sequence of divergence-free ﬁelds. In this
way, in last section we characterize φ through a ﬁnite dimensional minimization problem under the assumption that the
sequence {V j} stands for a ﬁrst order laminate.
Notice that, from the previous theorem, we recover the characterization of the lower semicontinuous envelope (see [4]
and references therein) of functionals J deﬁned in Lpdiv(Ω;Rd) of the form
J (U ) =
∫
Ω
W
(
V (x),U (x)
)
dx
for some function V ∈ Lqdiv(Ω;Rd). Indeed it follows that the lower semicontinuous envelope J of J deﬁned by
J (U ) = inf
{
lim inf
j→∞
J (U j): {U j} ⊂ Lp
(
Ω;Rd), U j ⇀ U in Lp(Ω;Rd), divU j = 0, ∀ j ∈ N}
is the functional
J (U ) =
∫
Ω
CW
(
V (x),U (x)
)
dx.
On the other hand, we would like also to understand if there exists some relationship between the Γ -convergence of
the sequence of functionals
F j(u) =
∫
Ω
f
(
a j(x),∇u(x)
)
dx
deﬁned in W 1,p(Ω), and the sequence of their complementary energies
I j(U ) =
∫
Ω
f 
(
a j(x),U (x)
)
dx
deﬁned in Lpdiv(Ω;Rd), where a j : Ω → Rm and f (λ, ·) stands for the conjugate function of f (λ, ·) in Rd , for every λ ∈Rm .
In the special one-dimensional case (d = 1), it is well known that if f (λ, ·) is convex in R, then the sequence of functionals
F j is Γ -convergent to
F (u) =
∫
Ω
ψ
(
x,∇u(x))dx
if and only if the sequence of functions f (a j(·),ρ) weak converges to ψ(·,ρ) in L∞(Ω), for every ρ ∈ R (see [3]). So
Γ -convergence of functionals in one dimension is equivalent to weak convergence of conjugate densities. However this
is false in higher dimensions. Nevertheless we may ask if the Γ -convergence is stable under the conjugate operator. In 2-
dimension there is an interesting particular example where the answer to this question is aﬃrmative. Precisely, in Section 4,
when d = 2 we conclude that the sequence of quadratic functionals F j deﬁned in H10(Ω) by
F j(u) =
∫
Ω
a j(x)
2
∣∣∇u(x)∣∣2 dx,
where the sequence of functions a j : Ω → (0,∞) given by a j(x) = A1χ(0,t)( jx1) + A2(1−χ(0,t)( jx1)), with t ∈ (0,1), stands
for a ﬁrst-order laminate, is Γ -convergent to the functional
F (u) =
∫
Ω
∇u(x)T A0
2
∇u(x)dx
if and only if the sequence of complementary energies I j deﬁned in L2div(Ω;R2) by
I j(U ) =
∫
1
2a j(x)
∣∣U (x)∣∣2 dx
Ω
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I(U ) =
∫
Ω
U (x)T
A−10
2
U (x)dx.
Here the matrix A0 is deﬁned by
A0 =
(
t A1 + (1− t)A2
)
I2 − t(1− t)(A1 − A2)
2
(1− t)A1 − t A2 e1 ⊗ e1,
where I2 is the 2 × 2-identity matrix and e1 = (1,0). Notice that ψ(ρ) = ρT A
−1
0
2 ρ is the conjugate function of ψ(ρ) =
ρT A02 ρ , for every ρ ∈R2. Basically this equivalence holds true in 2-d since we may represent divergence-free ﬁelds as rota-
tion of potential ﬁelds, under the additional assumption that Ω is simply connected (see [7]), and it cannot be generalized
for higher dimensions. This situation is analyzed in the last section.
2. Preliminaries
In this section we recall some useful results as well as the main concepts treated in this paper. Given a sequence of
functionals I j deﬁned in L
p
div(Ω;Rd), we say that a sequence {I j} is Γ -convergent, with respect to the weak topology of
Lp(Ω;Rd), to the functional I if and only if, for every U ∈ Lp(Ω;Rd) such that divU = 0 in Ω , it holds
1. for every {U j} ⊂ Lp(Ω;Rd) such that divU j = 0 in Ω , for every j ∈ N, and U j ⇀ U weakly in Lp(Ω;Rd),
I(U ) lim inf
j→∞
I j(U j);
2. there exists {U j} ⊂ Lp(Ω;Rd) such that divU j = 0 in Ω , for every j ∈N, and U j ⇀ U weakly in Lp(Ω;Rd),
I(U ) = lim
j→∞
I j(U j).
(See [5].)
Our aim is to treat the Γ -convergence of sequences of functionals deﬁned for divergence-free ﬁelds through the study
of div-Young measures associated with relevant sequences of functions. A family of probability measures ν = {νx}x∈Ω sup-
ported on Rd is said to be a div-Young measure if it is generated by a weak convergent sequence {U j} in Lp(Ω;Rd) such
that divU j = 0 in Ω , for every j ∈ N (see [8]). If ν is a Young measure associated with a weak convergent sequence of
divergence-free functions in L1(Ω;Rd), and has ﬁnite p-moment, then it is generated by a sequence of divergence-free
functions weakly converging in Lp(Ω;Rd). In the scalar case, when div-Young measures are supported on Rd , its character-
ization is based on the ﬁrst moment and the moment of order p.
Theorem 2.1 (Characterization of div-Young measures). (See [6,8,10].) Let 1  p < ∞ and ν = {νx}x∈Ω be a family of probability
measures supported on Rd. ν is a div-Young measure associated with a p-equi-integrable (resp. uniformly bounded) sequence {V j} ⊂
Lp(Ω;Rd) (resp. L∞(Ω;Rd)) such that div V j = 0 in Ω , for every j ∈ N, if and only if
1. there exists V ∈ Lp(Ω;Rd) (resp. L∞(Ω;Rd)) such that div V = 0 and V (x) = ∫
Rd
λdνx(λ) for a.e. x ∈ Ω;
2.
∫
Ω
∫
Rd
|λ|p dνx(λ)dx < ∞ (resp. suppνx ⊂ K , for a.e. x ∈ Ω , for some compact set K ⊂Rd).
The following approximation result is a particular case of [6, Lemma 2.15].
Lemma 2.2. Let 1 < q < ∞. Let {U j} be a bounded sequence in Lq(Ω;Rd) such that
1. U j ⇀ U in Lq(Ω;Rd),
2. divU j → 0 in W−1,q(Ω),
3. {U j} generates the Young measure ν = {νx}x∈Ω .
Then there exists a q-equi-integrable sequence {V j} ⊂ Lq(Ω;Rd) so that
div V j = 0,
∫
Ω
V j(x)dx =
∫
Ω
U (x)dx, ∀ j ∈ N, ‖V j − U j‖Lp(Ω;Rd) → 0, ∀1 p < q.
In particular, {V j} generates the Young measure ν .
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Suppose that {U1j } and {U2j } weak converge to A1 and A2 in L∞(Ω;Rd), respectively, such that {divU1j } and {divU2j }
converge strongly to 0 in W−1,q(Ω). Then the sequence of functions V kj : Ω → Rd deﬁned by
V kj (x) = U1j (x)χ(0,t)(kx · n) + U2j (x)
(
1− χ(0,t)(kx · n)
)
,
where χ(0,t)(y) is the characteristic function of the interval (0, t) over (0,1) extended by periodicity to R, satisﬁes
div V kj = div
[(
U1j − U2j
)
χ(0,t)
]+ divU2j .
Notice that {div V kj } converges strongly to 0, as j → ∞, in W−1,q(Ω) if the vector A1 − A2 is perpendicular to n (see
[8, Lemma 10.4]). Moreover, for each k ∈ N, the sequence {V kj } generates the homogeneous div-Young measure ν .
3. Proof of the main result
This section is dedicated to the proof of Theorem 1.1, which is divided mainly into two steps, according with the deﬁni-
tion of Γ -convergence on divergence-free ﬁelds.
Proof. Step 1: Let {U j} be a weak convergent sequence to U in Lp(Ω;Rd) such that divU = 0 = divU j in Ω , for every j ∈N.
Given the sequence {V j} ⊂ Lq(Ω;Rd) such that div V j = 0, for every j ∈ N, let μ = {μx}x∈Ω be the joint Young measure
associated with the sequence of pairs {(V j,U j)} supported on Rd ×Rd . Then, applying [8, Theorem 6.11], it follows that
lim inf
j→∞
∫
Ω
W
(
V j(x),U j(x)
)
dx
∫
Ω
∫
Rd×Rd
W (λ,ρ)dμx(λ,ρ)dx.
Assume that ν = {νx}x∈Ω is the Young measure associated with the sequence {V j}. For νx-a.e. λ ∈ Rd , there exists a proba-
bility measure σλ,x supported on Rd (see [1]) such that the joint Young measure μx may be decomposed as the product
μx(λ,ρ) = σλ,x(ρ) ⊗ νx(λ), for a.e. x ∈ Ω.
Thus it holds∫
Ω
∫
Rd×Rd
W (λ,ρ)dμx(λ,ρ)dx =
∫
Ω
∫
Rd
∫
Rd
W (λ,ρ)dσλ,x(ρ)dνx(λ)dx.
If we consider the convex hull CW (λ, ·) of W (λ, ·) in Rd , for every λ ∈ Rd , then we may apply Jensen’s inequality as
follows:∫
Rd
CW (λ,ρ)dσλ,x(ρ) CW
(
λ,
∫
Rd
ρ dσλ,x(ρ)
)
.
Let us deﬁne the map ϕ : Ω ×Rd → Rd by putting
ϕ(x, λ) =
∫
Rd
ρ dσλ,x(ρ),
so that
lim inf
j→∞
∫
Ω
W
(
V j(x),U j(x)
)
dx
∫
Ω
∫
Rd
CW
(
λ,ϕ(x, λ)
)
dνx(λ)dx. (2)
Notice that if θ = {θx}x∈Ω stands for the div-Young measure associated with the sequence {U j}, supported on Rd , then we
may characterize θx , for a.e. x ∈ Ω , through the previous slicing decomposition by putting
〈 f , θx〉 =
∫
Rd
∫
Rd
f (ρ)dσλ,x(ρ)dνx(λ), for every f ∈ C
(
R
d).
It follows that its barycenter is given by
〈id, θx〉 =
∫
d
∫
d
ρ dσλ,x(ρ)dνx(λ) =
∫
d
ϕ(x, λ)dνx(λ) = U (x), for a.e. x ∈ Ω.
R R R
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Young measures, we know there exists for a.e. x ∈ Ω a sequence r j ↘ 0 such that the sequence {V j(x+ r j ·)}, deﬁned in the
unit ball B ⊂ Rd , generates the homogeneous div-Young measure νx and∫
Rd
ϕ(x, λ)dνx(λ) = lim
j→∞
1
|B|
∫
B
ϕ
(
x, V j(x+ r j y)
)
dy.
In this way, if we take the inﬁmum in inequality (2) over all maps ϕ , we have
lim inf
j→∞
∫
Ω
W
(
V j(x),U j(x)
)
dx inf
{ ∫
Ω
∫
Rd
CW
(
λ,ϕ(x, λ)
)
dνx(λ)dx: U (x) =
∫
Rd
ϕ(x, λ)dνx(λ)
}
.
Moreover, since we may change the inﬁmum operator with the integral over Ω , it follows
lim inf
j→∞
∫
Ω
W
(
V j(x),U j(x)
)
dx
∫
Ω
inf
{∫
Rd
CW
(
λ,ϕ(x, λ)
)
dνx(λ): U (x) =
∫
Rd
ϕ(x, λ)dνx(λ)
}
dx.
Recall that we should minimize over divergence-free ﬁelds in Ω . Thus, for a.e. x ∈ Ω , we take the inﬁmum over maps
ϕ(x, ·) : Rd → Rd such that {divϕ(x, V j(x + r j ·))} converges strongly to 0 in W−1,q(B) whenever r j ↘ 0 and {V j(x + r j ·)}
generates the homogeneous measure νx . Therefore, we conclude that
lim inf
j→∞
∫
Ω
W
(
V j(x),U j(x)
)
dx
∫
Ω
φ
(
x,U (x)
)
dx.
Step 2: Given U ∈ Lp(Ω;Rd) with divU = 0 in Ω , we have to prove there exists a weak convergent sequence {U j} to U in
Lp(Ω;Rd) such that divU j = 0 in Ω , for every j ∈N, and∫
Ω
φ
(
x,U (x)
)
dx limsup
j→∞
∫
Ω
W
(
V j(x),U j(x)
)
dx.
Assume that
∫
Ω
φ(x,U (x))dx < ∞, otherwise there is nothing to prove. For a.e. x ∈ Ω , we have
φ
(
x,U (x)
)= inf
ϕ∈Ax
{ ∫
Rd
CW
(
λ,ϕ(λ)
)
dνx(λ): U (x) =
∫
Rd
ϕ(λ)dνx(λ)
}
.
Let {ϕi(x, ·)} ⊂ Ax be a minimizing sequence such that
φ
(
x,U (x)
)= lim
i→∞
∫
Rd
CW
(
λ,ϕi(x, λ)
)
dνx(λ),
U (x) =
∫
Rd
ϕi(x, λ)dνx(λ),
divϕi
(
x, V j(x+ r j·)
) →
j→∞
0 in W−1,q(B), for all i ∈ N,
whenever the sequence {V j(x + r j ·)} generates the homogeneous Young measure νx . Applying the dominated convergence
theorem,∫
Ω
φ
(
x,U (x)
)
dx = lim
i→∞
∫
Ω
∫
Rd
CW
(
λ,ϕi(x, λ)
)
dνx(λ)dx.
Indeed, from the growth condition on W , there exists a constant c ∈R so that∫
Rd
CW
(
λ,ϕi(x, λ)
)
dνx(λ) c + c
∥∥ϕi(x, ·)∥∥pLp(Rd,νx)  c + c supi∈N
∥∥ϕi(x, ·)∥∥pLp(Rd,νx) for a.e. x ∈ Ω.
Moreover, for a.e. x ∈ Ω the sequence {ϕi(x, ·)} is a bounded sequence in Lp(Rd, νx), and the function g : Ω → R deﬁned
by g(x) = supi∈N ‖ϕi(x, ·)‖pLp(Rd,νx) is in L
1(Ω).
From the Carathéodory theorem, for each (x, λ) ∈ Ω × Rd and i ∈ N, there exists a probability measure σ (i)x,λ supported
on Rd such that
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(
λ,ϕi(x, λ)
)= ∫
Rd
W (λ,ρ)dσ (i)x,λ(ρ),
ϕi(x, λ) =
∫
Rd
ρ dσ (i)x,λ(ρ),
∫
Rd
∫
Rd
|ρ|p dσ (i)x,λ(ρ)dνx(λ) < ∞.
It follows∫
Ω
φ
(
x,U (x)
)
dx = lim
i→∞
∫
Ω
∫
Rd
∫
Rd
W (λ,ρ)dσ (i)x,λ(ρ)dνx(λ)dx.
For each i ∈ N, let us consider the family of probability measures μ(i) = {μ(i)x }x∈Ω given by
μ
(i)
x (λ,ρ) = σ (i)x,λ(ρ) ⊗ νx(λ),
supported on Rd ×Rd , with barycenter∫
Rd×Rd
(λ,ρ)dμ(i)x (λ,ρ) =
( ∫
Rd
λdνx(λ),
∫
Rd
∫
Rd
ρ dσ (i)x,λ(ρ)dνx(λ)
)
=
( ∫
Rd
λdνx(λ),U (x)
)
for a.e. x ∈ Ω . Moreover, we may deﬁne the family of probability measures θ(i) = {θ(i)x }x∈Ω by putting〈
f , θ(i)x
〉= ∫
Rd
∫
Rd
f (ρ)dσ (i)x,λ(ρ)dνx(λ), for every f ∈ C
(
R
d),
whose barycenter is
U (x) =
∫
Rd
∫
Rd
ρ dσ (i)x,λ(ρ)dνx(λ) =
∫
Rd
ϕi(x, λ)dνx(λ), for a.e. x ∈ Ω.
Notice that θ(i) is a div-Young measure supported on Rd , since its barycenter U is a divergence-free ﬁeld. So, there exists a
p-equi-integrable sequence of functions U (i)j in L
p(Ω;Rd) with divU (i)j = 0 in Ω , for every j ∈ N, which generates the Young
measure θ(i) . Therefore, the sequence of pairs {(V j,U (i)j )} generates the family of probability measures μ(i) = {μ(i)x }x∈Ω , and
it holds∫
Ω
∫
Rd
∫
Rd
W (λ,ρ)dσ (i)x,λ(ρ)dνx(λ)dx = limj→∞
∫
Ω
W
(
V j(x),U
(i)
j (x)
)
dx.
Besides, there exists a subsequence i( j) → ∞ for which∫
Ω
φ
(
x,U (x)
)
dx limsup
j→∞
∫
Ω
W
(
V j(x),U
(i( j))
j (x)
)
dx. 
4. Laminates
In this section, let us consider the sequence of functions a j : Ω →Rm given by
a j(x) = A1 χ(0,t)( jx · n) + A2
(
1− χ(0,t)( jx · n)
)
, (3)
for some unit vector n ∈ Rd , where χ(0,t)(y) is the characteristic function of interval (0, t) in (0,1) extended by periodicity
to R. This sequence {a j} stands for a ﬁrst order laminate normal to vector n.
Proposition 4.1. Let {a j} be the sequence of functions in (3). Let W : Rm × Rd → R be a continuous function such that there exist
c2  c1 > 0 for which
c1|ρ|p W (λ,ρ) c2
(
1+ |ρ|p) for every (λ,ρ) ∈ Rm ×Rd, for some p > 1.
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I j(U ) =
∫
Ω
W
(
a j(x),U (x)
)
dx
deﬁned in Lp(Ω;Rd) with divU = 0 in Ω , is Γ -convergent (with respect to the weak topology of Lp(Ω;Rd)), to the functional
I(U ) =
∫
Ω
φ
(
U (x)
)
dx,
where φ : Rd → R is deﬁned by
φ(ρ) = inf
α,β∈Rd
{
tCW (A1,α) + (1− t)CW (A2, β): ρ = tα + (1− t)β, (α − β) · n = 0
}
.
Notice that φ(ρ) may be rewritten as a double minimization problem
φ(ρ) = inf
i∈{2,...,d}
inf
c∈R
{
tCW
(
A1,ρ + (1− t)cni
)+ (1− t)CW (A2,ρ − tcni)}
for every ρ ∈Rd , taking {n, n2, . . . , nd} as a basis of Rd . Indeed, after manipulating the two linear constraints in the previous
expression of φ(ρ), we realize that (α−β) · n = 0 may be written as (α−β) ‖ ni for some i ∈ {2, . . . ,d}, and therefore comes
out the minimization on indexes. The proof of this result is based on the key ideas of the main theorem. We rewrite it for
this special case since the laminate structure of the sequence {a j} enables to reach a more explicit expression for the limit
energy density. Indeed, here the density φ is deﬁned through a ﬁnite dimensional minimization problem.
Examples. 1. An interesting example of the previous result follows. Consider the function W : R+ × Rd → R given by
W (λ,ρ) = λ2 |ρ|2, and assume that the previous sequence of functions {a j} takes values in R and n = (1,0, . . . ,0) ∈ Rd .
Then it follows that the sequence of functionals I j deﬁned in L2(Ω;Rd) by putting
I j(U ) =
∫
Ω
a j(x)
2
∣∣U (x)∣∣2 dx, divU = 0 in Ω,
is Γ -convergent to the functional
I(U ) =
∫
Ω
φ
(
U (x)
)
dx.
In this case the density ψ : Rd → R is deﬁned by
φ(ρ) = inf
α,β∈Rd
{
t
A1
2
|α|2 + (1− t) A2
2
|β|2: ρ = t A1 + (1− t)A2, (α − β) · n = 0
}
,
which may be also represented as
φ(ρ) = inf
ci∈R
{
t
A1
2
∣∣ρ + (1− t)ciei∣∣2 + (1− t) A22 |ρ − tciei|2: i ∈ {2, . . . ,d}
}
,
where {e1, . . . , ed} stands for the canonical basis in Rd , provided we have assumed n = e1. Notice that the restriction
(α − β) · n = 0 is equivalent to say there exists i ∈ {2, . . . ,d} and a constant ci ∈ R such that α − β = ciei . After some
calculus, we achieve a simple characterization
φ(ρ) = min
i∈{2,...,d}
{
ρT
Hi
2
ρ
}
,
where the diagonal matrix Hi ∈ R2×2 is given by
Hi =
(
t A1 + (1− t)A2
)
Id − t(1− t)(A2 − A1)
2
(1− t)A1 − t A2 ei ⊗ ei, for every i ∈ {2, . . . ,d}, (4)
and Id is the d × d-identity matrix. Clearly the limit energy density φ depends on the dimension d.
Notice that, if we take d = 2, then the density φ : R2 → R is deﬁned by
φ(ρ) = ρT H2 ρ.
2
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deﬁned in H10(Ω) by
F (u) =
∫
Ω
∇u(x)T H
−1
2
2
∇u(x)dx
is the Γ -limit of the sequence of complementary energies
F j(u) =
∫
Ω
1
2a j(x)
∣∣∇u(x)∣∣2 dx
deﬁned in H10(Ω).
2. We may also consider the previous example adding a perturbation depending on x. Namely, let W (x, λ,ρ) =
λ
2 |∇u(x) − ρ|2 for some u ∈ H10(Ω). Then it follows that the sequence of functionals
I j(U ) =
∫
Ω
a j(x)
2
∣∣∇u(x) − U (x)∣∣2 dx
deﬁned in L2div(Ω;Rd) is Γ -convergent to the functional
I(U ) =
∫
Ω
φ
(
x,U (x)
)
dx,
where φ : Ω ×Rd →R is given by
φ(x,ρ) = min
i∈{2,...,d}
{(∇u(x) − ρ)T Hi
2
(∇u(x) − ρ)},
and Hi is as in (4). Indeed, applying our previous result, the limit energy density φ is deﬁned by
φ(x,ρ) = inf
α,β∈Rd
{
t
A1
2
∣∣∇u(x) − α∣∣2 + (1− t) A2
2
∣∣∇u(x) − β∣∣2: ρ = tα + (1− t)β
(α − β) · n = 0
}
= inf
ci∈R
{
t
A1
2
∣∣∇u(x) − ρ − (1− t)ciei∣∣2 + (1− t) A22
∣∣∇u(x) − ρ + tciei∣∣2: i ∈ {2, . . . ,d}
}
for every (x,ρ) ∈ Ω ×Rd . After some calculus we reach the above characterization.
Let us present the proof of Proposition 4.1.
Proof. Step 1: Let {U j} be a weak convergent sequence to U in Lp(Ω;Rd) such that divU j = divU = 0 in Ω , for every j ∈N.
Let μ = {μx}x∈Ω be the joint Young measure associated with the sequence of pairs {(a j,U j)}, so that, for a.e. x ∈ Ω , there
exist probability measures σA1,x and σA2,x supported on R
d for which it may decompose μx as
μx(λ,ρ) = tσA1,x(ρ) ⊗ δA1(λ) + (1− t)σA2,x(ρ) ⊗ δA2(λ),
provided the sequence {a j} generates the homogeneous Young measure ν = tδA1 + (1 − t)δA2 supported on {A1, A2} ⊂ Rm .
Then we have
lim inf
j→∞
∫
Ω
W
(
a j(x),U j(x)
)
dx
∫
Ω
∫
Rm×d
W (λ,ρ)dμx(λ,ρ)dx
=
∫
Ω
∫
Rm
∫
Rd
W (λ,ρ)dσλ,x(ρ)dν(λ)dx
=
∫
Ω
[
t
∫
Rd
W (A1,ρ)dσA1,x(ρ) + (1− t)
∫
Rd
W (A2,ρ)dσA2,x(ρ)
]
dx

∫
Ω
[
t
∫
Rd
CW (A1,ρ)dσA1,x(ρ) + (1− t)
∫
Rd
CW (A2,ρ)dσA2,x(ρ)
]
dx

∫ [
tCW
(
A1,ϕ(x, A1)
)+ (1− t)CW (A2,ϕ(x, A2))]dx,
Ω
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ϕ(x, λ) =
∫
Rd
ρ dσλ,x(ρ).
Notice that the family of probability measures θ = {θx}x∈Ω given by
θx = tσA1,x + (1− t)σA2,x for a.e. x ∈ Ω,
with barycenter U (x) = tϕ(x, A1) + (1− t)ϕ(x, A2), is the div-Young measure associated with the sequence {U j}.
Therefore, for a.e. x ∈ Ω ,
tCW
(
A1,ϕ(x, A1)
)+ (1− t)CW (A2,ϕ(x, A2))
 inf
α,β∈Rd
{
tCW (A1,α) + (1− t)CW (A2, β): U (x) = tα + (1− t)β, (α − β) · n = 0
}
,
where n is the unit normal to the layers deﬁned by the sequence {a j}. Let us deﬁne the function φ :Rd →R by putting
φ(ρ) = inf
α,β∈Rd
{
tCW (A1,α) + (1− t)CW (A2, β): ρ = tα + (1− t)β, (α − β) · n = 0
}
.
Thus
lim inf
j→∞
∫
Ω
W
(
a j(x),U j(x)
)
dx
∫
Ω
φ
(
U (x)
)
dx.
Step 2: Let U ∈ Lp(Ω;Rd) be such that divU = 0 in Ω . It remains to prove there exists a weak convergent sequence {U j}
to U in Lp(Ω;Rd) such that divU j = 0 in Ω , for every j ∈ N, and∫
Ω
φ
(
U (x)
)
dx = lim
j→∞
∫
Ω
W
(
a j(x),U j(x)
)
dx.
For every ρ ∈Rd , we have
φ(ρ) = inf
α,β∈Rd
{
tCW (A1,α) + (1− t)CW (A2, β): ρ = tα + (1− t)β, (α − β) · n = 0
}
,
so that let (α(ρ),β(ρ)) ∈ Rd ×Rd be an optimal pair for which
φ(ρ) = tCW (A1,α(ρ))+ (1− t)CW (A2, β(ρ)),
ρ = tα(ρ) + (1− t)β(ρ),
0 = (α(ρ) − β(ρ)) · n.
Therefore∫
Ω
φ
(
U (x)
)
dx =
∫
Ω
[
tCW
(
A1,α
(
U (x)
))+ (1− t)CW (A2, β(U (x)))]dx.
From the Carathéodory theorem, for a.e. x ∈ Ω , there exist probability measures σA1,x and σA2,x supported on Rd such that
CW
(
A1,α
(
U (x)
))= ∫
Rd
W (A1,ρ)dσA1,x(ρ),
α
(
U (x)
)= ∫
Rd
ρ dσA1,x(ρ)
and
CW
(
A2, β
(
U (x)
))= ∫
Rd
W (A2,ρ)dσA2,x(ρ),
β
(
U (x)
)= ∫
d
ρ dσA2,x(ρ).R
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μx(λ,ρ) = tσA1,x(ρ) ⊗ δA1(λ) + (1− t)σA2,x(ρ) ⊗ δA2(λ) for a.e. x ∈ Ω,
with barycenter∫
Rm×Rd
(λ,ρ)dμx(λ,ρ) =
(
t A1 + (1− t)A2,U (x)
) ∈ Rm ×Rd.
Moreover, let θ = {θx}x∈Ω be the family of probability measures, supported in Rd , given by θx = tσA1,x + (1− t)σA2,x for a.e.
x ∈ Ω . Since its barycenter U satisﬁes divU = 0 in Ω , thus θ is a div-Young measure associated with a p-equi-integrable
sequence {U j} ⊂ Lp(Ω;Rd) with divU j = 0 in Ω , for every j ∈N. Then the sequence of pairs {(a j,U j)} generates the Young
measure μ, and it holds true∫
Ω
φ
(
U (x)
)
dx =
∫
Ω
∫
Rm×Rd
W (λ,ρ)dμx(λ,ρ)dx = lim
j→∞
∫
Ω
W
(
a j(x),U j(x)
)
dx. 
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